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In this work, He Chengtian’s interpolation, which has millennial history, is applied to
the Bethe equation. The result shows that the present technology is very convenient and
effective.
© 2009 Elsevier Ltd. All rights reserved.
He Chengtian (369?–447AD) [1] is a famous ancient Chinesemathematics and astronomer; he is an extremely important
figure in the development of mathematics, yet our Western colleagues know little about his mathematical achievements.
Great classics, when revisited in the light of new developments, may reveal hidden pearls, as is the case with He Chengtian’s
interpolation.
If
a
b
< x <
d
c
, (1)
then, according to He Chengtian’s interpolation, x is approximated by
x = ma+ nd
mb+ nc , (2)
where a, b, c and d are real numbers,m and n are weighting factors.
We call (a + d)/(b + c) He Chengtian’s average. The proof of the interpolation can be found in detail in Ref. [1]; other
interpolations in ancient Chinese mathematics can be found in Refs. [2–5]. Some fascinating applications of He Chengtian’s
interpolation, especially He Chengtian’s average, can be found in Refs. [6–9].
In this work we will apply He Chengtian’s interpolation to nonlinear physics. We first consider a simple example in the
form [6]
y′ + y2 = 0, y(0) = 1. (3)
The exact solution is yex(x) = 1/(1+ x). We give the most crude trial functions: y1(x) = 1 and y2(x) = 1− x. It is obvious
that
1− x = y2(x) < y(x) < y1(x) = 1. (4)
According to He Chengtian’s interpolation, we set
y(x;m, n) = m(1− x)+ n
m+ n , (5)
or
y(x; k) = 1− x+ k
1+ k , (6)
wherem and n are weighting factors, k = n/m.
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By suitable choice of m and n, each point can reach its exact value. For example, if we choose k = 1/2, then the
approximate solution at x = 0.5 arrives at its exact one. Generally we don’t know the exact solution in advance, so the
value of k for a certain point has to be approximately determined by various approximate methods [10–12]. Among others,
here we use the residual method. Substituting (6) into (4) results in the following residual:
R(x; k) = −1
1+ k +
[
1− x+ k
1+ k
]2
. (7)
If we want to solve approximately the solution at x = x0, then we can identify the value of k in (6) by setting R(x0; k) = 0.
To illustrate the procedure, we consider x0 = 0.5. Solving the following equation:
R(0.5; k) = −1
1+ k +
[
0.5+ k
1+ k
]2
= 0 (8)
leads to the result k = 0.866. So the approximate solution at x = 0.5 is y(0.5; 0.866) = 0.732. The 9.85% accuracy is
remarkably good in view of the crudeness of the two trial functions. We can, of course, obtain a much better result by
suitable choice of the trial functions.
It is interesting to note that m and n can also be functions of x. If we set m = 1, and n = x, then (6) happens to be the
exact solution! It is
y(x; 1, x) = 1− x+ x
1+ x =
1
1+ x . (9)
Now consider the Bethe equation which describes the behavior of an energetic particle, such as an electron, when it
penetrates matter. The loss of energy of the particle in collisions with the atoms of the material is governed approximately
(for u ≥ 1) by the equation [12,13]
du
dx
+ ln(1+ u)
u
= 0. (10)
Here u is a dimensionless measure of the kinetic energy, and x is a dimensionless measure of the distance that the particle
has penetrated into the matter. The value x = 0 corresponds to the surface of the material, where the particle has the high
initial energy u(0) = u0.
To investigate the nature of the solution (10), consider the analogous linear equation
du
dx
+ k
u
= 0, (11)
which has the solution
u = u0
(
1− 2kx
u20
)1/2
. (12)
Now we rewrite Eq. (10) in the form
du
dx
+ f (u)
u
= 0, u ≥ 1, (13)
where f (u) = ln(1+ u), which is analogous to k in the linear equation. Accordingly we choose a trial function in the form
u∗ = u0
(
1− x
x0
)1/2
. (14)
The only unknown quantity in the trial function is x0. Since u∗ = 0 when x = x0, the constant x0 is the physical range of
the particle, which is the goal of the problem.
It is obvious that fmax = ln(1+u0) and fmin = ln 2; in view of (12), themaximal andminimal values of x0 can be expressed
respectively as
x0max = u
2
0
2fmin
= u
2
0
2 ln 2
, x0min = u
2
0
2fmax
= u
2
0
2 ln(1+ u0) . (15)
Hence we have the inequality
u20
2 ln(1+ u0) < x0 <
u20
2 ln 2
. (16)
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According to He Chengtian’s interpolation, we have
x0 = (m+ n)u
2
0
2m ln(1+ u0)+ 2n ln 2 =
(1+ ξ)u20
2 ln(1+ u0)+ 2ξ ln 2 , (17)
wherem and n are weighting factors, ξ = n/m.
Since u0 is typically about 104, the+1 in the logarithm bracket is negligibly small, and may be neglected. So (17) can be
written in the form
x0 = (1+ ξ)u
2
0
2(ln u0 + ξ ln 2) . (18)
In order to identify the unknown constant ξ in (18),wematch the initial gradient, u′(0) = − ln(1+u0)/u0 ≈ − ln(u0)/u0,
in (14).
Differentiating (14) with respect to x, we have
u′(x) = −1
2
u0
x0
(
1− x
x0
)−1/2
. (19)
So we set
u′(0) = −1
2
u0
x0
= − ln u0
u0
. (20)
Substituting (18) into (20) yields
ξ → 0. (21)
This means that ξ is a ‘‘small parameter’’, so x0 can be expressed as
x0 = u
2
0
2 [ln u0 − (1− ξ) ln 2] + O(ξ
2). (22)
Though we don’t know how small ξ should be, we can easily show that the exact choice is not critical;
x0 = u
2
0
2(ln u0 − 0.46) , when ξ = 1/3 (23)
x0 = u
2
0
2(ln u0 − 0.65) , when ξ = 1/15. (24)
Since ln u0 is typically about 10, the difference between the above two design formulae is only about 2%.
He Chengtian’s average of (23) and (24) reads
x0 = u
2
0
2(ln u0 − 0.55) , (25)
which is very closed to Acton and Squire’s result which reads
x0 = u
2
0
2(ln u0 − 0.5) . (26)
Like (26), Eq. (25) gives excellent results for the range when compared to computed results.
To conclude, we find that the ancient Chinese mathematics represents one of the most important fields of research in
science and technology. There exist innumerable hidden pearls in the great classics [1–5], such as Jiuzhang Suanshu (Nine
Chapters) [14]; these pearls, when combinedwithmodern technologies, can shinemarvelously. Further development of the
method is referred to the last publication, Ref. [15].
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